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MOTIVATION:

IR-singularities between virtual and real contributions cancel after integration
— the duality relation provides an alternative method to existing ones that
make use of this fact. It follows the idea:

Try to express the loop integrals as tree-level integrals which are of the
same nature as real-radiation integrals

Since then all integrations are of the same tree-level phase-space type,
one hopes for a more efficient implementation into a Monte Carlo program

i

This is currently under investigation for one-loop integrals

The question for this talk is:
If the answer to the above is: ,yes, the method is efficient",
Is there a way to extend it to higher loop orders?

A one-loop formula in this line of thinking: The Feynman tree theorem
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The Feynman Tree Theorem
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Feynman Tree Theorem
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Feynman Tree Theorem:
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The goal is:

Search for a loop-tree duality relation where
the amount of cuts = number of loops (unlike FTT)

For one loop that means:

One single cut is enough !
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Towards a Duality Theorem: One Loop - .
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Duality Theorem at one loop
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Dual Propagator
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Duality theorem:
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At one-loop order: - _, |
Gplgi.q5) ==

r;f —0n(q; — qi)
=  Only single cuts f

==)>  The i0-prescription of the dual propagator depends on external momenta only
— no branch cuts

Can we obtain a similar formula at higher loops?
O # cuts = # loops

O Integration-momentum independent i0-prescription

At higher loop orders there is more than one integration momentum which we will
use to group the diagrams into parts

We start by constructing formulae similar to the once used so far,

I but for whole sets of inner momenta
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In analogy to single propagators, define for any set of (internal) momenta «:.

(IF A,R) ﬂk HGF A,R) q’:‘
1EQy.
Gplag) = Z 3 (¢:) H Gpla:q;) Gplag) = 0(g;) for oy = {i}

1Cay jE&k \
JjFi 1

Gp(qisq5) =

L q; — 1) n(g; — 4i)
Gplag) =

[5 (1) Gp(q1: ©2)Gp(q1; @) + 0 (q2) Gp(g2: 01)Cp(g2; ) + 0 (¢3) Go(gs; ¢1)Gp(gs; ¢a)

NOTE: L If the momenta depend on different integration momenta:
integration-momentum dependence in i0-prescription

If the momenta depend on the same integration momentum:
I0-prescription depends on external momenta only

Hence, we will naturally try to group higher order diagrams into parts depending

I on the same integration momenta
I Isabella Bierenbaum HP2.3rd, Florence, 14.Sept.2010

(o]



Change direction of momentum flow ¢; —»

—q; for allmomenta ¢ € ay

This will become necessary, starting from two loops
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Relation between dual propagator and Feynman propagator:

v

5(9’3‘) Gplgizq;) = 0 (¢:) |GFr(q;)+ 0 (9 — @) (5('5’;;-) with 0 (q) =0(nq)

For ANY set of (internal) momenta, one finds:

Main Equation |

(;A(Ctk) — C;F(ah) + (;D(Ctk)

T

Non-trivial relation relying on cancellation of theta-functions
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-Multiplication formula®:

G:D(Oe'l Uas U ... U CEN) = G:A(Ctl Uag U ... U f_l"N) —

Gplag Uan U ... Uay)

How to express Gp in terms of subsets [y = aU...Uay

N N
— H Gala;) — H G ()

= H[(]’F (—11 +(:rD (_1

i=1

G’F(Ctl UagU...U C\:-N)

Main Equation Il

HGF CL

— Z H (;D(Cth H Gp( ng

BV =By 118

i9 Eﬁ(..,?

Partition of By into exactly two sets BN and Bn®@, with elements o; including the
case BN =Bnyand BNP =0 (There is no term with only Gg)

For example: C;FD(GI U [1"2) — (—?D(al) (;D(Qg) + (‘ID(‘GIJ (JF(Oz) + C;'F(Cl"l) (_?D(-ﬂz)
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= ‘/;1 C;A(ﬂ’l) = / {GF(QI) + GD(QI)]

[

The one-loop case revisited:

Where a4 is the set of all inner lines of the one-loop diagram

Solve for the ,Feynman“-part

1=

' Gplag) =-— Z 5 (q) H G (g q;)

_]"Er_'.&'l
JF1

Original one-loop
result
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e )(pl o O = / Gplay)
41

Using the multiplication formula for the set aj
where the elements are given by all single propagators q;

=qqU..Uqgn

we reproduce the FTT at one loop

\j
1
LW (py,pa.....pn) = / [T o) H Gr(di,)
¢
o:l L_Jr:J.:1 —cxl ! 1160.11j 1260:1
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How can we use this to find a formula for higher order loops

with the required properties?

Use Equation I:

The following statement is correct for ANY set of internal momenta depending on a
common integration momentum:

0= /E; Galag) = /E; \Gr(a1) +Gpla)]

Hence for any set of momenta a41U...Ua \ depending on the same integration momentum :

/ GF(QIUQQU,,,UQN)/ GplagUas U ... Uay)

4; 2

Application of the duality theorem!
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Two (and higher) loops: Find the correct subsets and use Equation Il

Group lines with the same integration momentum: The ,Loop Lines”

a4={0,1,...,r}
p2 /
00={r+1,....1 o={1+1,...N}
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L (py,pa,...,PN) = / f Gr(ag Uag Uaz)
£ J o

Apply the duality theorem to the first loop

Ltz) (pl.pg ..... p;\,r) = / / GD(CH U (.1‘3) (:;F(l'__lijj
£1 Jiés

L Use multiplication formula

— —/ {(_TTD{L'tl) G’D(Ctg} — CTTD(_OI) GF(GQ}) + G‘F(O‘l) GTD(G?}ZI} (}TF(Q'E)
£ J¥Eq

J

Change direction of momentum-flow for one momentum in this term:

e
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LP(py,pa,...,pN) = —/ f Gp(og Uasz) Gr(as)
{1 J o

= / {=Gplay) Grlaz) Gp(as) + Gp(ay) Gp(ag U az) + Gp(as) Gp(—a; Uaz)}
0 Jis

L Formula with only double-cuts but integration momentum dependent i0-prescription

:// {Gplay) Gp(az) Grlaz) + Gp(—ay) Gp(az) Gp(as) + G* (o) Gplaz) Gp(as)}
£ JF9

e

G*(ar) = Gplar) + Gplag) + Gp(—ag)

L Contains triple-cuts but has integration-momentum-free i0-prescription

This can also be expressed as: G (ax) = Galar) + Grlar) — Grlag)
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Using again the multiplication formula: Feynman Tree Theorem at two loops

2 N v ~
L (pr.-+ ,py) = /] {GF o) || d(a) || 0(w) || Grlas)
ak L_Jcrk :cr b/ .?,Eaé” 'iQECté” -igE&éQ)U&gzj
ke{1,2,3}
+Grplag) ] 0(=a) ] 0w I Grla)
ilea-i” azEcrg ) igE&gg}Uagm
+Grlas) I[ ota) J] 06w J[ Grla)
ilecr{l” 192 Eaé” 136&5 :'Ucrggj
+( H ﬂ QH + H 0 (111 ) H 5((}52) ]:[ (5(_(}-3?3) ]:[ GF(QM)}-
zlea‘il} ?16&1 'iQECtél} -3215&%1} i4Eag }Uaé U&éz}
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a5
Three loops: o . o
Og
"‘--_._‘,_..-*'
(a) (b) (¢)
Lg-.(b}-.fcj (P1,P2,...,PN) = / ] f GplaiUag) Gplaz U ay) Gr(5)
£ Jibo Jiq
@: =10 (b): 3= o (C): 5 =a5Uag
GplayUag) = Gplay) Gplaz) + Gp(ay) Gp(az) + Gr(ag) Gp(as)
/ / f Gplai) Grlag) Gplas) Gplag) — — f / / Gplay) GplagUag) Gp(ay)
b Sy Ay £y Jig Sy
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Cry 1 @ o
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\—-*—/
(a) (b)

L‘Eﬁ%.{b}.fc;. (P1, D2, ..., PN) = / / / Gplai Uas) Gplasz U ay) Gr(3)
o € Jila JUL3

1 f;.Q €3 ‘ F 3
GD(O']-‘ O*z 0'3) C?F(GLI:J GD(CL]_* (1'2- CL._J} Cl4 ) (-:F (j)

—Gpl(og, a3) Gp(ag U —ag U ) — Gp(ay, ag) Gp(ag Uag U )

_'GD(GQ. Cl‘g) Gpl—ag U —ag U 3) —Gplag.ay) Gpl—ag Uaz U J)}

I Gplaq,...,an) = H::1 Gpla;)
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Lipeges (D112, - DN) / / / {(’D g, a3, —ay) Gp(ag) + Gplag, az, —ay) Gr(ag)
£1 JHa Jig

—I—GD( 1, (x9, Cu) (;rp C‘tg)—|—(:rg( 1. (g, (v3) 'CTF(Q_i:]

+ GD(—O'l. (¥9, (3, CL-‘4) + Gplay, ag, ag, —ay) + 'G:D(—Cl'l. 9. (¥3, —Cl4)}

Expressed in loop lines (int.-mom.-free i0-prescription):

Cuts, ranging from the number of loops — number of loop lines

-

True for any diagram!

a5
(g 1
f .
(ty 0y
g
~——
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— /f /g L: { — Gplag, ag,a3) Gplayg, as, ag) + Gplag U ag U ay) Gplag, as) Ge(ag)
Sty Jeg
+ Gp(—a UagUag) Gplag, as) Gp(as) + Gp(—as U as U —ag) Gplay. ag) Gp(ay)
+ Gplay)[GplagUay) Gplas) Gplag Uag) — Gplas Uasz UayUag) Gplas)
— GplagUay) Gp(—ag U as U —ag)]
+ Gp(as)[Gp(—a1 Uag) Gplay) Grlas U as) — Gplag Uas Uas U —ag) Gplay)
— Gp(—a; Uag) Gp(asg U as U as)]
+ Gplas)|Gp(—as Uas) Gp(—ag) Grplag Uay) — Gp(—a; U —ag U ag U ag) Gp(—ag)

— Gp(—ag U &5) G:D(—Ojl Uay U &3)]}
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Conclusions and Outlook:

The efficiency of the method at one loop has to be investigated and is under investigation!

We constructed a loop-tree duality relation which is easily extendable to
higher loop orders, either in the form of
— n cuts for a n-loop diagram, where the propagators still can involve branch cuts

— n up to m cuts for a n-loop diagram, with m=#(loop lines), no branch cuts
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